Abstract. In this paper, we propose a hybrid Gauss-Newton structured BFGS method with a new update formula and a new switch criterion for the iterative matrix to solve nonlinear least squares problems. We approximate the second term in the Hessian by a positive definite BFGS matrix. Under suitable conditions, global convergence of the proposed method with a backtracking line search is established. Moreover, the proposed method automatically reduces to the Gauss-Newton method for zero residual problems and the structured BFGS method for nonzero residual problems in a neighborhood of an accumulation point. Locally quadratic convergence rate for zero residual problems and locally superlinear convergence rate for nonzero residual problems are obtained for the proposed method. Some numerical results are given to compare the proposed method with some existing methods.
Introduction
This paper is devoted to solving the following nonlinear least squares problems
where r(x) = (r 1 (x), · · · , r m (x)) T , r i : R n → R are twice continuously differentiable for i = 1, · · · , m, and || · || denotes the Euclidean norm. It is clear that
where J(x) is the Jacobian matrix of r(x). Throughout the paper, we denote
Nonlinear least squares problems have wide applications such as data fitting, parameter estimate, function approximation, et al. [2, 31] . Most iterative methods using a line search are variants of Newton's method, which can be written in a general form:
where α k > 0 is a stepsize given by some line search and d k is a search direction satisfying
where B k ∈ R n×n is an approximation of ∇ 2 f (x k ).
The aim of this paper is to design a globally and locally fast convergent structured quasi-Newton algorithm with a backtracking line search for nonlinear least squares problems. Although trust region methods have been used to solve nonlinear least squares problems [6, 8, 31] , which do not require a positive definite iteration matrix. For example, Dennis, Gay and Welsch [8] presented a quasi-Newton algorithm NL2SOL with trust region strategy. Numerical experiments show that quasi-Newton algorithm NL2SOL is efficient for large residual problems and the performance of NL2SOL is similar to that of the Levenberg-Marquardt algorithm for small residual problems [31] . However, in this paper, we only focus on line search approaches. Hence the need for B k+1 to be positive definite is necessary.
Traditional structured quasi-Newton methods are focused on the local convergence analysis. Their global convergence results have not been established. Li and Fukushima [22, 23] proposed two globally convergent modified BFGS methods for nonconvex unconstrained optimization. However, the Li-Fukushima methods have no quadratic convergence rate for least squares problems with zero residual problems, and the special structure of ∇ 2 f (x k ) is not considered in their methods.
We recall some existing methods, especially structured quasi-Newton methods for solving nonlinear least squares problems. Nonlinear least squares problems can be regarded as a special case for unconstrained minimization with a special structure, and hence may be solved by unconstrained minimization methods. However, the cost of providing the complete Hessian matrix is often expensive. To reduce the cost, some methods use only the first derivative information such as the quasi-Newton method, in which B k+1 is given by 
The BFGS formula has been regarded as one of the most efficient quasi-Newton methods in practical computations [4, 7, 11, 22, 23, 24] . A very nice property of the BFGS update is that, if B is symmetric and positive definite, then B + = bfgs(s, B, y) is also symmetric and positive definite whenever y T s > 0. However, this method ignores the special structure of the Hessian and does not use the available term
. Past methods improve local convergence properties by exploiting the presence of the first order term J T k J k in Hessian; for example, the Gauss-Newton type methods(or the Levenberg-Marquardt type methods) [16, 19, 31, 36] are typical methods using the special structure of the Hessian matrix, whose iterative matrix is given by
It is well-known that these methods have locally quadratic convergence rate for zero residual problems and linear convergence rate for small residual problems. However, these methods may perform poorly, even diverge for large residual problems [1] , since they only use the first order information of f .
There are two ways to overcome this difficulty. One way is to combine the term J T k J k with the BFGS formula to improve convergence rate for zero residual problems and the efficiency of the BFGS method for general unconstrained optimization, for instance, hybrid methods in [1, 17, 18] . Specifically, Fletcher and Xu [18] proposed an efficient hybrid method for solving (1.1) , that is, the matrix B k+1 is updated by the following rule: for a given constant ∈ (0, 1),
If f (x * ) = 0 and x k → x * superlinearly, then
Hence, the role of the term (f (
is to switch between zero residual and nonzero residual problems. This method converges quadratically for zero residual problems and superlinearly for nonzero residual problems. However, global convergence results for this method have not been given in [18] . The other way is to use the second order information of f sufficiently. For instance, structured quasi-Newton methods in [9, 13] . An important concept for structured quasiNewton methods for nonlinear least squares problems is the Structure Principle [9] .
• Structure Principle :
, by the structure principle, A k and A k+1 are approximations of S(x k ) and S(x k+1 ), respectively. A popular way to compute B k+1 was given in [9] , that is, 
The structured quasi-Newton methods possess only locally superlinear convergence rate for both zero and nonzero residual problems. In order to improve convergence rate of the structured quasi-Newton method for zero residual problems, Huschens [21] proposed a product structure type update, that is, B k and B k+1 are defined by
This update formula was proved to have quadratic convergence rate for zero residual problems and superlinear convergence rate for nonzero residual problems. Although these methods possess locally fast convergence rate, the iterative matrix B k+1 can not preserve positive definiteness even if B k is positive definite. Hence the search direction may not be a descent direction of f . Particularly, the Wolfe line search and Armijo line search [31] can not be used directly. Therefore, global convergence is not easy to be obtained.
To guarantee the positive definite property of J T k J k + A k , some factorized structured quasi-Newton methods were proposed in [26, 32, 33, 34] where
and L k is updated according to certain quasi-Newton formula. Then B k is at least semi-positive definite. Under suitable conditions, the matrix (
is positive definite if the initial point is close to a solution point. These methods also have locally superlinear convergence rate for both zero and nonzero residual problems, but do not possess quadratic convergence rate for zero residual problems. In [37] , Zhang et al. proposed a family of scaled factorized quasi-Newton methods based on the idea of [21] 
which not only has superlinear convergence rate for nonzero residual problems, but also have quadratic convergence rate for zero residual problems. However, global convergence has not been studied in [21, 37] . There are two main obstacles for global convergence of the above structured quasiNewton methods with some line search. One is that the iterative matrices B k may not be positive definite if the point x k is far from the solution points. Another is that the iterative matrices B k and their inverses B
−1 k
are not uniformly bounded. So far, the study of structured quasi-Newton methods is focused on the local convergence rate [33, 34, 35, 37] , but global convergence results have not been established.
In this paper, we propose a globally and locally fast convergent hybrid structured BFGS method. The idea of the paper is to approximate the second term in the Hessian, S(x k ), by a positive definite BFGS matrix. The proposed strategy is using a combination of [18] and [9, 13] , i.e. not only seeks to reduce to the Gauss-Newton method for zero residual problems as in [18] using a hybridization scheme, but also uses the BFGS method to estimate the second-order term S(x) within the Hessian as in [9, 13] , i.e. applying the structure principle. Further, a novel switch for between the Gauss-Newton method and the BFGS method is being proposed.
In the next section, we explain the approach in our method and present the algorithm in detail. Moreover, we prove that this method not only converges globally, but also converges quadratically for zero residual problems and superlinearly for nonzero residual problems. We present numerical results to compare its performance with the GaussNewton method and the Fletcher-Xu hybrid method [18] , in Section 3 and Appendix.
Algorithm and convergence analysis
In this section, we present a new hybrid Gauss-Newton structured BFGS method for the problem (1.1), and give global and local convergence analysis for the method. We first illustrate our approach which is mainly based on the following consideration.
Since
, we hope to preserve this term unchanged in B k . According to the structure principle, we approximate S(x k ) using first order information and BFGS updates. From the observation:
we have the following lemma.
The first order term z k was also used as a good approximation of S(x k+1 )s k in [21, 37] . Moreover, in our numerical experiments, using z k is more efficient than using the standard termȳ k = (J k+1 − J k ) T r k+1 . Hence we construct
If f (x * ) = 0 and S(x * ) is positive definite, then for sufficiently large k
) is a constant and λ min (S(x * )) is the smallest eigenvalue of the matrix S(x * ).
Lemma 2.2 implies that (z
gives a way to ensure the positive definiteness of the update matrix B k+1 . Now we give the definition of the update matrix.
Definition 2.1.
where
is an approximation of S(x k+1 ). Based on the above discussion, we now can present the hybrid Gauss-Newton structured BFGS method with a backtracking line search for nonlinear least squares problems (1.1). Algorithm 2.1 (GN-SBFGS Method)
Step 1. Give a starting point x 0 ∈ R n , a symmetric and positive definite matrix
Step 2. Compute d k by solving the following linear equations
Step 3. Compute the stepsize α k by the following backtracking line search, that is,
Step 4. Let
Step 5. Update B k+1 by the formulas (2.2) and (2.3).
Step 6. Let k := k + 1 and go to Step 2.
Remark 2.1. Since A 0 is symmetric and positive definite and A k+1 is defined by the BFGS formula, A k+1 is also symmetric and positive definite whenever z T k s k > 0. Therefore for every k, A k and B k in Algorithm 2.1 are symmetric and positive definite. Hence
This also shows that Algorithm 2.1 is well-defined.
In the global convergence of Algorithm 2.1, we use the following assumption.
Assumption A.
It is clear that the sequence {x k } generated by Algorithm 2.1 is contained in Ω, and the sequence {f (x k )} is a descent sequence and has a limit f * , that is,
In addition, we get from Assumption A that there are two positive constants L and γ, such that
Now we give the following useful lemmas for our global convergence analysis.
Lemma 2.3. Let Assumption A hold. Then we have
Proof. It follows directly from the line search (2.5), (2.7) and
There exists a constant c 1 > 0 such that 
Proof. By (2.6) and r k+1 < r k , there exists a positive constant c 2 such that 
Proof. Suppose the conclusion is not true, then there exist three positive constants η 1 , η 2 and ε 0 such that for all k,
Hence from (2.13) we get that lim k→∞,k∈K d k = 0. On the other hand, from (2.4) and the first inequality of (2.12) we have that for k ∈ K,
This leads to a contradiction to the second inequality of (2.12). If lim inf k→∞,k∈K α k = 0, then from Lemma 2.4 we have that
). Now we assume K is finite, then there exists an integer k 0 such that for all k > k 0 ,
Using the similar argument as the above, we also can get the same contradiction as the case that K is infinite. This finishes the proof.
Theorem 2.1 shows that Algorithm 2.1 is globally convergent for nonlinear least squares problems (1.1). Now we turn to discussing local convergence rate of Algorithm 2.1. To do this, we need the following assumptions.
Assumption B.
(I) {x k } converges to x * where g(x * ) = 0 and ∇ 2 f (x * ) is positive definite.
for any x, y in a neighborhood of x * .
We first present the following local convergence theorem of Algorithm 2.1 for zero residual problems. Proof. Because f (x * ) = 0, we have r(x * ) = 0. By (2.1) and f (x k+1 ) < f (x k ), we have 15) which shows that there exists an integer k 1 such that for all k > k 1 ,
, that is, Algorithm 2.1 reduces to the Gauss-Newton method. Since
is positive definite. Therefore quadratic convergence of the proposed method follows directly from the corresponding theory of the standard Gauss-Newton method, for example, see [31] . This completes the proof.
In the rest of this section, we assume f (x * ) = 0, that is, the problem (1.1) is a nonzero residual problem. Firstly, we give the following result on the boundedness of B k . Lemma 2.6. There exist some positive constants β i , i = 5, 6, 7 such that 
Therefore the inequalities in (2.16) hold for at least [1, k] . This completes the proof.
Lemma 2.7. There exist two positive constants η 5 and η 6 such that at each iteration either 
Proof. By (2.1) we have
From the assumptions, there exist a small positive number δ 0 and some constants c i > 0,
Therefore for sufficiently large k we have 
This finishes the proof.
Lemma 2.10. [3, Theorem 3.2] Under the assumptions of Lemma 2.9, we have
lim k→∞ (A k − S(x * ))s k / s k = 0.
Moreover, the sequences { A k } and {
The following lemma shows that the Dennis-Moré condition holds. 
Moreover, the sequences { B k } and { B
−1 k
} are uniformly bounded since J T k J k is semi-positive definite. The proof is then finished.
The following theorem shows that Algorithm 2.1 converges superlinearly. 
where θ k ∈ (0, 1) and the last equality follows from the Dennis-Moré condition (2.18).
for all sufficiently large k, which implies α k = 1 for all sufficiently large k. Therefore according to the well-known characterization result of Dennis and Moré [10] , we conclude that the proposed method converges superlinearly.
Numerical experiments
In this section, we compare the performance of the following three methods with the same line search (2.5) for some nonlinear least squares problems
• The Gauss-Newton method:
• The hybrid Gauss-Newton structured BFGS method: Algorithm 2.1 with = 10 −6 ;
• The Fletcher-Xu hybrid (FXhybrid) method: B k is specified by (1.6) with = 0.2 which was recommended in [17, 18] .
All codes were written in Matlab 7.4. We set δ = 0.1 and ρ = 0.5 in the line search (2.5). For the three methods, we set the initial matrix B 0 = J T 0 J 0 + 10 −4 r 0 I. We stopped the iteration if one of the following conditions is satisfied
(iv) The total number of iterations exceeds 500.
Tables 2-5 in the Appendix list numerical results of these three methods, where "Biter/Iter" and "Nf" stand for the total number of BFGS update/all iterations and the function evaluations respectively; f (x k ) and r k mean the functional evaluation and the residual at the stopping point respectively. In Tables 2-5 , λ min is the smallest eigenvalue of S(x) at the stopping point. Table 2 reports the numerical results of the three methods for 28 zero or small residual problems [25] and the BOD problem [2] with 6 different initial points. Table 3 lists the numerical results of the three methods for solving 40 large residual problems where "Froth", "Jensam" and "Cheb" are from [25] and the others are given as follows.
•Trigonometric Problem (Trigo) [1] : 
We choose the initial point x 0 as a random vector whose elements are in [−100, 0].
•Signomial Problem (Sig) [1] : •Parameterized Problem (Para) [21] :
where x = (x 1 , x 2 ) T and ψ is a parameter. If ψ = 1, then this problem is a nonzero residual problem. We choose different values of ψ and initial points x 0 in our test. For details, see Table 2 .
•Nonlinear regression problem (BOD) [2, pp.305]: The nonlinear regression model based on the data on biochemical oxygen demand(BOD) can be converted into the nonlinear least square problem (1.1) where Table 4 and Table 5 list some numerical results of the three methods for solving a special class of nonlinear least square problems.
• Convex variational regularization problem: Suppose that F : R n → R m is a map. The convex variational regularization problem is the following minimization problem
where h : R n → R is a convex function and µ is a regularization parameter. Many practical problems can be converted into solving this problems such as ill-posed problems, inverse problems, some constrained optimization problems and model parameter estimation [27, 30, 28, 29, 14, 15] . Ill-posed problems occur frequently in science and engineering. Regularization methods for computing stabilized solutions to the ill-posed problems have been extensively studied [20] . In this paper, we chose two convex variational regularization problems which come from ill-posed problems. In our test, we chose h(x) = n i=1 (x 2 i ) 2 in (3.1). Therefore (3.1) reduces to the nonlinear least squares problem (1.1) with the form:
Now we chose two ill-posed problems as follows. One is linear and another is nonlinear. 
K(t, s, u(s))ds
where the right-hand side g and the kernel K are given, and x is an unknown solution.
We use the composite quadrature method to approximate the integral by a weighted sum
Collocation in the m points t 1 , · · · , t m leads to the requirements I n (t j ) = g(t j ), j = 1, · · · , m. It is a finite dimensional nonlinear ill-posed problem. To obtain a meaningful solution, it is often converted into solving a regularization solution of (3.1) where
In our test we chose the following data [5] [
Integral equation ( Table 1 summaries the data in Tables 2-5 , in which "#Bestiter", "#BestNf" and "#Bestfv" are the number of test problems that the method wins over the rest of the methods on the number of iterations, function evaluations and the best final objective function value performance in all 138 test problems, respectively; "Probability" roughly means the probability that the method wins over the rest of the methods.
It is clear from Table 1 that Algorithm 2.1 is the best method among these three methods. In order to show the number of iterations or function evaluations performance Tables  2-5 in the Appendix section by using the performance profiles of Dolan and Moré [12] .
Since the top curve in Figures 1-2 corresponds to Algorithm 2.1, it is clear that Algorithm 2.1 is most efficient for solving these 138 test problems among the three methods. We see from Figure 1 that Algorithm 2.1 solves about 62% and 78% (85 and 108 out of 138) of the test problems with the least number of iterations and function evaluations respectively. Figure 1 also shows that the FXhybrid method performs better than the Gauss-Newton method. However, Figure 2 shows that the FXhybrid method needs more function evaluations than the Gauss-Newton method within 0.3 < τ < 3.5. Table 2 shows that the Gauss-Newton method is efficient for zero residual problems and using the BFGS update can improve numerical performance. We also note from Table 1 that Algorithm 2.1 has the best final objective value for most problems, which has about 72% (100 out of 138) probability with the best final objective value.
Conclusions
In this paper, we proposed a new hybrid Gauss-Newton structured BFGS method for nonlinear least squares problems. We use a new formula (2.2)-(2.3) to update the iterative matrix. The new formula deals with zero or nonzero residual problems in an intelligent way. Global convergence of the proposed method is established. Under suitable conditions, the proposed method possesses quadratic convergence rate for zero residual problems and superlinear convergence rate for nonzero residual problems. Numerical results show that the proposed method is efficient for nonlinear least squares problems compared with the Gauss-Newton method and the Fletcher-Xu hybrid method.
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